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ABSTRACT
In this study, we developed and validated a novel fiber bundle cell (FBC) framework to enable rapid, reliability-anchored design 
of pseudo-ductile thin-ply carbon/glass hybrid composites. The objectives were to formulate a stochastic, yet computationally 
efficient, model that reproduces pseudo-ductile tensile behavior and its scatter, and to derive probability-based design criteria 
that guarantee monotonic, plateau-like responses at prescribed confidence levels. In addition, we demonstrated the applicability 
of the model by reevaluating published results to show how much extra information can be obtained by FBC-based decomposing. 
The methodology adapts a linear E-bundle FBC representation composed of parallel elastic bundles with statistically distributed 
stiffnesses and breaking strains, which are calibrated directly from mean and standard deviation data. Closed-form expressions 
for expected stress and its standard deviation were derived, and classical strength ratio and mode-II toughness criteria were 
recast in probabilistic form. We validated the model predictions against reevaluated thin-ply tensile tests published earlier: the 
FBC accurately reconstructed the mean pseudo-ductile plateau (error < 5%), achieved RMSE = 3.06% and R2 = 0.9894 for curve 
fits, reproduced the non-monotonic evolution of scatter (including observed negative correlations due to fiber pull-out and con-
fined delamination), and delivered lower-tail quantiles for ductility and interfacial toughness. The findings establish the FBC as 
a physically interpretable tool for strain-resolved design and reliability assessment, demonstrating how it can provide additional 
and more profound knowledge about pseudo-ductile behavior compared to the original evaluation. Potential applications include 
damage-tolerant primary structures in any safety-critical composite application requiring predictable, non-catastrophic failure 
margins.

1   |   Introduction

Polymer matrix composites offer exceptional specific stiffness 
and strength at low weight. Still, their inherent brittleness 
and limited damage tolerance constrain their use in safety-
critical structures that demand predictable, gradual failure, 
and overload warning [1, 2]. Over the past decade, the con-
cept of pseudo-ductility has evolved as a strategy to overcome 
these limitations. Initial efforts focused on thin-ply and angle-
ply laminates, leveraging controlled 0° ply fragmentation, 

delamination arrest, matrix plasticity, and fiber rotation to 
produce metal-like stress plateaus and extended strain ca-
pacity [3]. Building on these principles, analytically designed 
unidirectional carbon/glass hybrids introduced elastic–yield-
ing hardening stress–strain responses [4], while all-carbon 
thin-ply unidirectional hybrids achieved stable core frag-
mentation and stress recovery, with moduli reaching 240 GPa 
[5]. More recently, thermoplastic film-interleaved architec-
tures have been developed to confine delamination, sustain 
plateau behavior, and enable rehealing [6]. Including fiber 
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fragmentation, matrix cracking, interfacial delamination, 
fiber pull-out or rotation, hybrid and thin-ply architectures 
can exhibit metal-like, nonlinear stress–strain responses 
with a pronounced pseudo-yield plateau and elevated failure 
strains [7–10].

Several models have been developed to model the pseudo-
ductile plateau, enabling the properties of these composites 
to be designed in advance. Early demonstrations showed that 
sandwiching ultrathin carbon/epoxy plies between standard-
thickness glass/epoxy layers yields controlled fiber fragmenta-
tion and stable pull-out, producing an apparent pseudo-yield 
plateau and extended failure strains in three-layer unidirec-
tional hybrids [11]. Building on this, Jalalvand et al. developed 
a cohesive-zone finite-element framework that embeds inter-
face and intraply cohesive elements to simulate the progres-
sive damage cascade—fiber fracture, delamination, and final 
failure—in unidirectional (UD) carbon/glass hybrids, achiev-
ing close agreement with experimental tensile data [12]. Czél 
et al. developed discontinuous-carbon/continuous-glass sand-
wich composites, demonstrating that graded carbon segment 
lengths can tailor the linear–plateau–linear response and 
maximize pseudo-ductile strain [13]. Concurrently, Jalalvand 
et al. introduced an analytical damage-analysis method that 
decomposes the tensile response of thin-ply UD hybrids into 
constituent damage events, enabling rapid prediction of fail-
ure sequences without resorting to full numerical simulation 
[14]. Other studies have correlated fragment length distribu-
tions and interfacial behavior with macroscopic plateau for-
mation, providing the microstructural metrics required to 
calibrate mesoscale predictive models [15].

Despite these advances, design tools for predictive optimization 
and reliability assessment often depend on empirical damage 
prescriptions. At the same time, detailed three-dimensional 
finite-element simulations are computationally prohibitive 
for extensive parametric studies [11, 14–16]. A mesoscale fiber 
bundle cell (FBC) framework—rooted in statistical bundle 
models—offers a promising compromise [17, 18]. A key prac-
tical advantage of the FBC model is that it does not require 
any meshing and its computations are extremely fast. Model 
accuracy is controlled by three user choices: the number of 
E-bundles, the fitting method and the permitted fitting error. 
Regarding computational cost, the evaluation of the expected 
value and its confidence interval completes in under 1 s for 

representative parameter sets, while determination of fit pa-
rameters via a least-squares routine typically requires only a 
few seconds depending on the number of parameters to be fit-
ted. These computation times are orders of magnitude smaller 
than those required by typical finite-element simulations. By 
representing discrete fiber bundles with known stiffness and 
stochastic and breaking strains, FBC models can reproduce 
the damage process, the fiber pull-out, and the role of load re-
distribution in the pseudo-ductile behavior with modest com-
putational effort [19–23].

This study integrates a linear E-bundle FBC model with para-
metric sensitivity studies to establish design rules for thin-ply, in-
terlayer carbon/glass hybrids exhibiting tunable pseudo-ductile 
behavior. We implement parallel-connected bundles of fibers 
with different properties, calibrate bundle stiffnesses and 
breaking-strain distributions against tensile experiments, and 
decompose the whole stress–strain response into discrete bun-
dle contributions. As a result, we aim to derive actionable design 
maps linking microscale parameters to macroscale performance 
metrics—initial modulus, plateau stress, pseudo-ductile strain, 
and total ductility—thereby providing a rapid, physics-grounded 
pathway for the predictive engineering of next-generation, 
damage-tolerant hybrid polymer matrix composites. Moreover, 
a lot of extra information can be obtained by FBC-based decom-
posing without any additional measurements, which we demon-
strate by reevaluating results published in ref. [4].

2   |   Materials and Methods

The thin-ply interlayer hybrid UD composite material was pro-
duced by Czél et al. [4] from two layers of standard thickness 
S2-glass/epoxy prepregs supplied by Hexcel (Stamford, USA), 
and one layer of thin carbon/epoxy prepreg from SK Chemicals 
(Seongnam, South-Korea) by stacking, vacuum bagging, and 
curing in an autoclave as detailed in Figure 1a and in ref. [4]. 
Tables 1 and 2 present the fibers' nominal and measured geo-
metrical and strength data, as well as the cured prepregs.

Regarding the epoxy resin, the typical nominal values of density, 
tensile strength, and strain to failure, as reported in the general 
literature, are 1.2 g/cm3, 50 MPa, and 2.5%, respectively [24]. 
The dimensions of the UD parallel edge tensile specimens man-
ufactured from the SG/MR40/SG hybrid composite sheet were 
240/160/20/h mm, overall length/Lf—free length, W—width, 
and h—thickness, respectively. To the ends of the specimens, 
40 mm long cross-ply glass/epoxy tabs were bonded. The total 
thickness (h) of three-layer composite specimens is h = t1 + 2t2, 
where t1 and t2 are the thicknesses for the carbon/epoxy and the 
glass/epoxy layers, respectively. The fiber areal mass of the three 
layers was 190/50/190 g/m2. The nominal total thickness of the 
composite specimens was h = 0.372 mm, and the nominal thick-
ness of the carbon layer was t1 = 0.0614 mm; hence, its relative 
fraction of the total thickness was p1 = t1/h = 0.165.

Displacement-controlled uniaxial tensile tests were conducted 
on five specimens at a crosshead speed of 2 mm/min using a 
computer-controlled Instron (Norwood, USA) 8801 100 kN-
rated universal hydraulic test machine [4]. The elongation of 
130 mm nominal gauge length was measured with an Imetrum 
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•	 Fiber bundle cell model for thin-ply pseudo-ductile 
hybrids.

•	 Strain-resolved stress–strain prediction (RMSE 3.06%, 
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(Bristol, United Kingdom) video gauge system. Model calibra-
tion was carried out by conventional parameter fitting. Initial 
estimates, selected within admissible bounds and satisfying the 
required constraints (Equation 11 and the subsequent condition 
on component expectations of fiber breaking strain), were sup-
plied to the optimizer. Optimal parameter values were obtained 
by minimizing the relative mean squared error (RMSE) between 
measured and modeled stress using Microsoft Excel Solver. Fit 
quality was quantified by RMSE (%) between measured and 
modeled responses.

3   |   Concept of the Linear E-Bundle-Based 
Modeling

We used the experimental results of Czél et al. [4] to model the 
pseudo-ductile behavior of hybrid composite sheet specimens 
with high and low strain unidirectional plies. In Figure 1b, the 
blue line represents the stress–strain curve of a conventional hy-
brid composite (0ABC), showing two peaks with force drops at 
ply fractures.

The non-monotonic increasing curve, including a force decre-
ment, indicates premature catastrophic failure. In contrast, the 
dotted blue lines in Figure 1b are monotonic, increasing before 
the ultimate fracture at point C, corresponding to the pseudo-
ductility of the thin-ply interlayer hybrid composite, which is 
achieved by satisfying two design criteria [4]. The first ensures 
the monotonic increasing stress–strain relationship (curve 
0ADC: εF ≤ εD < εC) by requiring thick and strong enough low-
strain layers:

where tj, Ej, σjb, and εjb are the thickness, the tensile modu-
lus, the breaking strength, and the breaking strain of the low 
strain ( j = 1) and the high strain ( j = 2) layers, respectively. In 
every case, the limit strain for the ideal ductility in Figure  1b 
is εDuc = εA. The strain difference εC − εE in Figure 1 was called 

(1)
𝜎2b>𝜎1b

E1t1+2E2t2
2E1t2

⇔ 𝜀2b>𝜀1b
E1t1+2E2t2

2E2t2
=𝛽1𝜀1b,

𝛽1=
E1t1+2E2t2

2E2t2

FIGURE 1    |    (a) 3-ply pseudo-ductile composite according to Czél et al. [4], (b) Simplified and normalized stress–strain relationship of a composite 
without (dotted orange line) and with pseudo-ductile behavior (dotted blue line) (0A—glass/carbon hybrid composite, A—carbon failure initiation, 
AD—carbon fragmentation and stable pull-out, BC—delaminated layers, C—ultimate failure).

TABLE 1    |    Fiber properties of the applied UD prepregs based on the manufacturer's data [4].

Fiber type Manufacturer
Filament 

count
Density ρ 
(kg/m3)

Tensile 
modulus 
E (GPa)

Strain to 
failure εB (%)

Tensile 
strength 
σB (GPa)

Pyrofil MR40 
carbon (IM)

Mitsubishi Rayon 12k 1760 295 1.5 4.41

FliteStrand S ZT 
S-glass

Owens Corning 12k 2450 88 5.5 4.8–5.1

TABLE 2    |    Cured ply properties of the applied UD prepregs (calculated using the manufacturer's data) [4].

Prepreg material Manufacturer

Fiber areal 
mass ρ2 
(g/m2)

Cured ply 
thickness 

t (μm)
Fiber volume 
fraction ϕ (%)

Initial 
modulus 
E0 (GPa)

Strain to 
failure εB (%)

MR40/epoxy SK Chemicals 50 61.4 45 134.6 1.95
aS glass/epoxy Hexcel 190 155.1 a50

51
a45.7

45.6 (±1.37)
3.98b ± 0.044

aRef. [7].
bRefs. [7, 8, 11].
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pseudo-ductile strain (εpDuc) in [4], where E is a virtual point. 
According to the second criterion, the mode-II energy release 
rate GII at the expected failure strain of the low-strain layer 
should be smaller than the mode-II fracture toughness (GIIc) of 
the interface:

In this way, delamination can be avoided, enabling the frag-
mentation of the low-strain layer through multiple frac-
tures, which results in a stable pull-out process between the 
high-strain layers. Geometrical coefficients β1 and β2 are de-
fined by Equations  (1) and (2), respectively (see Supporting 
Information).

Material strength properties are statistical, necessitating sto-
chastic modeling. The stress–strain relationship in tensile 
tests follows a stochastic process modeled using a FBC-based 
approach with parallel E-bundles. This method derives mate-
rial parameters from fitting the stress–strain curve (σmeas(�)) 
under constant strain rate. For multilayer composite sheets, 
the characteristic tensile function is linear: k̂ij(�) = cij�, where 
the tensile stress–strain relationship for the ith E-bundle is 
given by:

where Ni is the number of fibers, cij is the tensile stiffness, �Bij is 
the breaking strain of the jth fibers, and �

(

�; �Bij
)

 is a window 
function (χ = 1 if � < εBij and = 0 otherwise). The stress process, 
�̂i(�) is stochastic. The expected tensile stress function, σ(�), of 
the parallel-connected E-bundles is:

where pi is the proportion of fibers in the ith bundle out of all fi-
bers, ci is the expected tensile stiffness, and Ri(�) is the reliability 
function describing failure. The Ri(�) reliability function is given 
by the Q�Bi

(�) distribution function of the breaking strain (�Bi), 
which is the same for every fiber:

The breaking strain typically follows a Weibull distribution but 
can be approximated by a Gaussian distribution for a low coeffi-
cient of variation (CV < 1/3). The standard deviation of the �̂(�) 
tensile stress is:

The half-width of the confidence interval for the expected ten-
sile stress is:

where M is the number of tests and tM,q is the critical value from 
the t distribution. Key quantities include the expected character-
istic tensile function and tensile stiffness:

The expected reliability function is:

The global characteristic reliability function (RC(�)) is:

where wi =
pici

∑n
i=1 pici

. This function describes global material re-

liability, with RC (�) serving as a good approximation of R(�) in 
most cases. The global breaking strain, �B representing the over-
all behavior of bundle model has a distribution QεB(�) = 1 − R(�), 
and its expectation is:

where E
[

�B1
] ≤ E

[

�B2
] ≤ … ≤ E

[

�Bi
] ≤ … ≤ E

[

�Bn
]

 The char-
acterizing maps, such as the stress-fraction map (PSM) and reli-
ability fraction map (PRSm), are defined as:

For pseudo-ductile specimens, criteria  involving  stochastic 
strength parameters ε1b and ε2b, and the release rate GIIc can be 
randomized. For example, the probability inequality for breaking 
strains is:

where q1 is the allowable failure probability of reaching the 
strength ratio at the fracture of the low-strain layer. The ex-
pected values for these criteria are reformulated:

(2)
GIIc>GII=𝜀2

1b

E1t1
4

E1t1+2E2t2
2E2t2

=𝛽2𝜀
2
1b
,

𝛽2=
E1t1
4

E1t1+2E2t2
2E2t2

=𝛽1 ∗
E1t1
4

(3)�̂i(�) =
1

Ni

Ni
∑

j= 1

cij��
(

�; �Bij
)

(4)

�meas(�) ≈ E
(

�̂(�)
)

= �(�) =

n
∑

i= 1

pi�i(�) =

n
∑

i= 1

pici�Ri(�)

(5)Ri(�) = P
(

�Bi ≥ �
)

= 1 − Q�Bi
(�)

(6)D
(

�̂(�)
)

= �

√

√

√

√
1

N

n
∑

i= 1

pic
2
i Ri(�)

(

CV2ci + 1 − Ri(�)
)

(7)
dM,q(𝜀)= tM,q

D
�

�𝜎(𝜀)
�

√

M
: P

�

𝜎(𝜀)−dM,q(𝜀)≤𝜎meas(𝜀)<𝜎(𝜀)

+dM,q(𝜀)
�

=q

(8)0 ≤ k(�) = c� = �

n
∑

i= 1

pici ⇒ c =

n
∑

i= 1

pici

(9)0 ≤ R(�) =

n
∑

i= 1

piRi(�) ≤ 1

(10)

0 ≤ RC(�) =
�(�)

k(�)
=

n
∑

i= 1
piciRi(�)

n
∑

i= 1
pici

=

n
�

i= 1

wiRi(�) ≤ 1,

(11)E
[

�B
]

=

∞

∫
0

R(�)d�=

n
∑

i=1

∞

∫
0

Ri(�)d�=

n
∑

i=1

piE
[

�Bi
]

,

(12)0≤PSM(�)= �Sm(�)

�(�)
=

∑m
i=1 piciRi(�)

∑n
i=1 piciRi(�)

≤1

(13)0≤PRSm(�)= RSm(�)

R(�)
=

∑m
i=1 piRi(�)

∑n
i=1 piRi(�)

≤1

(14)P
(

𝜀2b > 𝛽1𝜀1b
)

= Q1 = 1 − q1 ,
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where mq1 is the critical value for the 1 − q1 probability (the stan-
dard normal quantile). The resulting right-hand side �1,q is the 
minimum mean breaking strain required for the high-strain 
layer. Similarly, for fracture toughness GIIc:

so that, with a confidence level of 1 − q2, the interface tough-
ness exceeds the energy release rate at carbon fracture. Thus, 
the term GII,q is the design-limit toughness. The strain limits 
for ideal ductility εDuc, and for pseudo-ductility, εpDuc, so that 
the low- and high-strain layers will fracture only with q prob-
ability are defined as:

where probability q is a lower quantile of the related 
distribution.

4   |   Results and Discussion

4.1   |   FBC Model Modeling of the Tensile Curves

The linear E-bundles exhibit Hookean behavior prior to dam-
age. Using FBC modeling, the measured stress–strain curve 
was decomposed into four linear E-bundles, approximated with 
Equations (3), (4), and (8) for the onset part, and Equation (14) 
for the mean breaking strains. The fitted stress–strain curves 
are shown in Figure 2a, and the approximation construction in 
Figure 2b. The approximation's accuracy is reflected by a small 
relative mean squared error (RMSE = 3.056%) and a high deter-
mination coefficient (R2 = 0.99). The breaking strains follow a 
Gaussian distribution according to the model. While three E-
bundles (of which two are equal due to symmetry) might suffice 
for the three fiber layers, the decomposition led to four bundles. 
The carbon fiber layer required two E-bundles (components one 
and two) because, as shown by Czél and Wisnom [11], it under-
goes two failure processes—immediate local breakage and later 
delamination—each needing a separate bundle representation.

The fraction (p) of the total thickness of carbon components 
one and two is 16.5%, while glass components three and four 
make up 83.5%. The modulus-weighted fractions (pE0 in 
Table  3) are approximately 39.8% for carbon and 60.2% for 
glass, reflecting their stiffness contributions. At small defor-
mations, components one and two exhibit identical tensile 
stiffness, though the values of the elongations at break E (εB) 

(15)E
(

𝜀2b
)

>𝛽1E
(

𝜀1b
)

+mq1

√

D2
(

𝜀2b
)

+𝛽2
1
D2

(

𝜀1b
)

=𝜀1,q,

(16)

E
(

GIIc

)

>𝛽2E
(

𝜀2
1b

)

+mq2

√

D2
(

GIIc

)

+𝛽22D
2
(

𝜀2
1b

)

≈𝛽2
[

E2
(

𝜀1b
)

+D2
(

𝜀1b
)]

+mq2

√

D2
(

GIIc

)

+3𝛽22D
4
(

𝜀1b
)

=GII,q

(17)�Duc: P
(

�1b ≥ �Duc
)

= 1 − Q�1b

(

�Duc
)

= 1 − q

(18)�pDuc: P
(

�2b ≥ �pDuc
)

= 1 − Q�2b

(

�pDuc
)

= 1 − q

FIGURE 2    |    Results of FBC modeling the measured stress–strain curve: (a) the single components and (b) their sum as the approximation.
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TABLE 3    |    Parameters of the linear E-bundle components.

FBC component p (%) E0 (GPa) pE0 (GPa) pE0 (%) E (εB) (%) D (εB) (%)

FBC_1 (carbon fiber layer) 9.71 150.3 14.6 23.4 1.82 0.25

FBC_2 (carbon fiber layer) 6.79 150.3 10.2 16.4 2.40 0.55

FBC_3 (glass fiber layer) 41.75 45.0 18.8 30.1 3.63 0.08

FBC_3 (glass fiber layer) 41.75 45.0 18.8 30.1 3.80 0.09

Sum 100 62.4 100
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had to be defined differently in the model (1.82% and 2.40%) 
to describe the elongated, plateau-like part of the curve accu-
rately (Table 4). Similarly, components three and four (glass 
fiber reinforced) have the same stiffness but slightly different 
breaking strains. Despite these differences, the component 
moduli (E0 in Table  4) are close to those of the prepregs in 
Table 2. At the same time, the breaking-strain parameters are 
slightly larger than those of the fibers in Table  1, except for 
component two. Deviations may also arise from defects in the 
matrix resin and fiber arrangement.

4.2   |   Analyzing the Behavior and Role 
of the Intermediate Layer in the Pseudo-Ductility

The FBC model analysis reveals that the carbon fiber rein-
forced layer is composed of two components with identical ten-
sile stiffness but distinct failure processes. The stress–strain 
curve of these parallel E-bundles (σ12(�)) in Figure 3. a reveals 
a complex descending part due to component one (σ2(�)). The 
shape of σ12(�) resembles a special ES-bundle, characterized by 
a shoulder-like slope after the peak, indicating fiber slippage in 
the carbon layer and its resin environment. However, accord-
ing to ref. [4], in the composite we modeled, the failure process 
was determined by controlled delamination and stable fiber 
pull-out. Since both delamination and slipping fiber bundles 
are identical in the shape of the tensile curve, and both mech-
anisms share a foundation in interfacial shear-induced failure, 
this process can be described mathematically by the usual 
slipping fiber bundle model. This effect can be separated by 
re-decomposing σ12(�) into two new components, as shown in 
Figure 3b, through a simple rearrangement of the sum σ12(�):

The first term of Equation (19) can be denoted as σ1B(�), which 
is a linear E-bundle representing the Hookean behavior of the 

carbon based layer with the tensile stiffness of σ12(�) and the 
breakage type (B) failure process of σ1(�) hence σ1B(�) is propor-
tional to σ1(�):

The second term of Equation (19) is denoted as σ2S(�), which is 
not the expected stress–strain curve of an E-bundle because a 
reliability function does not describe the failure process, but the 
difference between them:

Otherwise, the modified components are the linear combinations 
of the original ones; regarding the convex from below initial part, 
σ2S(�) can be considered as the response of a nonlinear bundle rep-
resenting delayed damages, including fiber pull-out (Figure 3b).

The component σ2S(ε) represents pull-out behavior occurring after 
a transition process (Figure 3b), with the transition range identi-
fied between the peaks of the two FBC components' responses, 
spanning Δεp. This region is considered pseudo-plastic or pseudo-
ductile. The modified components, σ1(ε) = σ1B(ε) and σ2(ε) = σ1S(ε), 
and the FBC model's response are shown in Figure 4a, with high 
accuracy (R2 = 0.989). Removing σ2(ε) = σ2S(ε) results in a stress–
strain curve (σwS(ε), wS = without Slipping) with two peaks 
(Figure 4b), demonstrating that σ2S(ε) accounts for pseudo-ductile 
behavior, including delamination and fragmentation, unlike σ2(ε) 
from the first decomposition, which represents local breakages.

4.3   |   Analyzing the Standard Deviation Process

The fiber bundle cell framework can be extended to capture 
the mean tensile response of pseudo-ductile hybrids and their 
statistical scatter, with particular attention to the roles of fiber 
pull-out and interfacial delamination. Experimentally, the mea-
sured σ(ε) curves exhibit a small, strain-independent baseline 
scatter—attributable to instrument and specimen alignment 
uncertainties—followed by evolving variance through the 
elastic, damage-initiation, and post-peak regimes. However, 
direct application of the FBC standard deviation expression 

(19)
�12(�)=�1(�)+�2(�)=p1c1uRc1(�)+p2c1uRc2(�)

=
(

p1+p2
)

c1�Rc1(�)+p2c1�
(

Rc2(�)−Rc1(�)
)

(20)�1B(�) =
(

p1 + p2
)

c1�Rc1(�) =
p1 + p2
p1

�1(�)

(21)

�2S(�)=�12(�)−�1B(�)=p2c1�
(

Rc2(�)−Rc1(�)
)

=p2c1�Rc2(�)

(

1−
Rc1(�)

Rc2(�)

)

p2c1�Rc2(�)
(

1−Rc1(�)
)

=
(

1−Rc1(�)
)

�2(�)

TABLE 4    |    Parameters for the standard deviation obtained from 
fitting for the two methods.

Method SD0 N CVc1 CVc2 CVc3 CVc4

Equation (22) 9.50 150 0.15 0.15 0.30 0.30

Equation (23) 7.31 300 0.10 0.10 0.30 0.30

FIGURE 3    |    The stress–strain curve representing the carbon layer and its decomposition into (a) two linear E-bundles, and (b) a linear and a 
nonlinear E-bundle.
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S685Polymer Composites, 2026

(Equation 6) underpredicts this initial offset, motivating two 
corrective approaches: a statistical-error model that introduces 
a constant systematic variance term, SD₀ (Equation 22)

and a simpler vertical translation of the modeled scatter by SD0 
(Equation 23):

where 
(

CV2ci + 1 − Ri(ε)
)

 arising from the variance of the sum of 
surviving fibers' contributions, and 1 − Ri(ε) is the cumulative 
failure probability at strain ε.

In Equation  (23), the two terms of the sum represent distinct 
sources of variability whose combined effect on the total vari-
ance depends on their mutual correlation. In the limit of zero 
correlation the contributions are independent and their variances 
add, whereas perfect correlation produces maximal interaction 
and substantially larger combined variability. Physically, uncor-
related scattering implies both contributions act at the same struc-
tural level without interaction, while strong correlation suggests 
the first term originates at a different (lower) structural level and 
interacts with the second term. Intermediate correlation states 
are also possible. The origin and mechanisms behind the first 
term therefore merit further theoretical and experimental study. 
The parameters of the standard deviation curves calculated from 

fitting are shown in Table  4. Both methods yield comparable 
fits (SD0 ≈ 8–10 MPa; bundle counts N ≈ 150–300; stiffness CVs 
0.10–0.30), with the statistical-error model providing marginally 
better agreement in the damage region.

Investigating the damage-zone deviations in Figure  5 reveals 
that the uncorrected FBC model predicts a rising variance 
during carbon layer fragmentation—reflecting independent 
bundle failures—yet the measured scatter diminishes. This 
discrepancy can be attributed to negative correlations among 
concurrent damage events, which arise in pseudo-ductile hy-
brid laminates when the failure of one fiber bundle diminishes 
the likelihood of adjacent bundle rupture. The synergy of fiber 
pull-out and confined delamination drives this anticorrelation. 
Upon fracture, interfacial shear during fiber pull-out dissipates 
energy and temporarily stiffens the surrounding resin, thereby 
increasing the local load capacity of neighboring bundles. 
Concurrently, the tough glass plies arrest microdelaminations at 
the carbon–glass interface, creating confined voids that impose 
compressive tractions on crack faces and elevate the energy bar-
rier for further interface separation. Successive pull-out events 
impart a modest plateauing to the macroscopic stress–strain 
response, reducing the driving force for simultaneous failures. 
Finally, equilibrium-driven load redistribution ensures that the 
load shed by a failing bundle is accommodated by frictional 
pull-out and glass bridging, rather than being transferred as a 
spike to adjacent bundles. Together, these mechanisms allow 
each fractured bundle to act as a localized shield, dissipating 
energy, arresting delamination, and transiently reinforcing its 
neighbors, thus producing the observed negative correlations in 

(22)D
(

�̂(ε)
)

=

√

SD2
0
+

ε

N

∑n

i=1
pic

2
i Ri(ε)

(

CV2ci+1−Ri(ε)
)

(23)D
(

�̂(ε)
)

=SD0+

√

ε

N

∑n

i=1
pic

2
i Ri(ε)

(

CV2ci+1−Ri(ε)
)

,

FIGURE 4    |    Decomposition of the FBC model: (a) response into the modified components and (b) the response without component 2S.
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FIGURE 5    |    Measured and modeled standard deviation (SD) curves calculated (a) by Equation (22) and (b) by Equation (23).
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S686 Polymer Composites, 2026

the damage sequence  [3, 13]. Omitting the slipping-type bun-
dle from the model collapses the predicted variance, confirming 
that the fiber pull-out and delamination mechanism is the dom-
inant contributor to the pseudo-ductile plateau.

Figure 6 demonstrates that the FBC model accurately captures 
the mean stress–strain response of the interlayer hybrid lami-
nate and its experimental variability. In Figure 6a, the model's 
predicted mean (dashed) and ± 1 standard deviation region (dot-
ted) nearly coincide with the measured mean (solid) and empir-
ical ± SD bounds, indicating excellent agreement in both central 
tendency and scatter. Figure 6b isolates the model outputs—
mean and ± SD—showing that uncertainty propagated through 
the four-bundle decomposition (via Equations 22 and 23) yields 
realistic confidence bounds without refitting to the data.

4.4   |   Analyzing the Stress and Reliability 
Components and Their Fraction Maps

The stress fraction of the components, calculated using 
Equation  (12) and expressing the ratio of the stress response of 
the FBC model at different strain levels, is shown in Figure  7 
[19, 22, 25]. In both the original (a) and modified (b) decomposi-
tions, three regimes emerge: (1) at low strain or high carbon con-
tent, intact carbon fibers dominate load-bearing (> 50% carried 
by bundles one and two); (2) at intermediate strains, progressive 
carbon fragmentation, delamination and fiber pull-out—manifest 

as rising contributions from the slipping-type bundle (bundle two) 
and the glass plies (bundles three and four)—yielding a broad 
pseudo-ductile plateau; and (3) at high strain, the outer glass lay-
ers assume virtually all the load (> 75% by bundles three and four), 
leading to the ultimate failure. The modified decomposition (b) 
further separates pure elastic breakage from the pull-out mecha-
nism within the carbon layer, refining the transition between frag-
mentation and stable pull-out. Collectively, these stress-fraction 
maps quantify how controlled delamination and fiber pull-out 
extend ductility, providing a precise design tool for tuning hybrid 
lay-ups to achieve targeted pseudo-ductile performance.

Figure 8a shows the empirical reliability characteristics, RC,meas(ε), 
calculated with Equation (12) using two linear tensile functions 
fitted to the onset part of the measured stress–strain curve. These 
correspond to the general expression, σ = a + cε (blue dashed line), 
with a ≠ 0 in one case and a = 0 in the other (red line). Due to zero-
point shifting, both expressions are valid. The reliability function 
is acceptable above about 1% strain, below which it becomes un-
stable. This is confirmed by the model reliability function (dashed 
black line) in Figure 8b, which also shows the resultant reliability 
function (dashed light blue line) and its components. Comparing 
the measured R(ε) and FBC modeled RC(ε) reliability functions re-
veals that R(ε) is greater than or equal to RC(ε), meaning the mod-
eled reliability function can be used as a conservative estimate. 
Significant deviations exist between the carbon and glass fiber 
failure ranges, highlighting the need for a suitable decomposition 
method, such as the FBC model, for accurate reliability analysis.

FIGURE 6    |    (a) measured and modeled mean and scattering fields, (b) the modeled curves only.
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FIGURE 7    |    Stress fraction-based maps for (a) the first and (b) the modified decompositions.
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The reliability map in Figure 9a, calculated from the first decom-
position using Equation (13), shows that most of the reliability is 
provided by the glass fiber layers in accordance with the decom-
positions in Figures 2b and 4a (the values larger than 1 on the 
initial part of the measured curve in Figure 9 can be attributed 
to the uncertainty about the zero-point). The pseudo-ductile be-
havior provided by the carbon layer improves the reliability. The 
measure is not too large, but its importance lies in preventing 
breakages through stable slipping. This is confirmed by the re-
liability characteristic and function curves in Figure 9b, calcu-
lated without component 2S using the modified decomposition.

4.5   |   Discussion of the Ductility, Pseudo-Ductility, 
and the Randomized Design Criteria

4.5.1   |   Ductile and Pseudo-Ductile Strain

If we consider the elongation at break of the individual bundles 
and the composite itself as stochastic Gaussian-distributed vari-
ables, after defining different failure probabilities, the tensile 
strains associated with them—below which the composite be-
havior is still ductile—can be determined. Table 6 specifies the 
expected value E(εBi) and standard deviation D(εBi) values of the 
elongation at break of the individual bundles and the entire com-
posite, so that at most q% of the composites fail. The limit of ideal 
ductile behavior can be estimated according to Equation (24).

where m = { − 1; − 2; − 3; − 4} is a multiplier that specifies 
how many times the standard deviation is subtracted from the 
mean to reach a given lower-tail quantile in a normal distribu-
tion. Pseudo-ductility is defined as the strain interval between 
the onset of carbon-fiber fragmentation and the ultimate rup-
ture of the glass plies. By selecting an appropriate m, designers 
can thus specify a minimum pseudo-ductile extension with 
a quantifiable confidence level, accounting for the natural 
scatter in fiber fracture and interfacial delamination, thereby 
ensuring predictable, non-catastrophic failure behavior in 
service.

In the FBC framework, the first damage event occurs when the 
first carbon-bundle (component 1) fractures at strain εB1; using 

its 3 σ lower-bound quantile (q = 0.14%), the ideal ductility 
limit is therefore εDuc(3SD) = E(εB1) − 3D(εB1) = 1.05% (Table 5, 
Figure  10). By contrast, pseudo-ductility extends deforma-
bility (εpDuc) above this point—as long as the stress–strain 
response remains monotonic—up to the fracture of the glass 
bundles (components three and four). The more conservative 
3σ quantile of the first glass bundle (component three) occurs 
at εpDuc(3SD)  = E(εB3) − 3D(εB3) = 3.39% (Table  5, Figure  10). 
Consequently, the pseudo-ductile strain based on this is 
ΔεpDuc(3SD) = 3.39 − 1.05 = 2.34% which closely approximates 
the ΔεpDuc = 2.12% value calculated in [4].

Figure 10 demonstrates the correspondence between the FBC-
predicted statistical distributions of bundle breakage and the ac-
tual tensile response of the hybrid laminate. In Figure 10a, the 
probability density functions for the first carbon-bundle fracture 
(FBC 1) and the first glass-bundle fracture (FBC 3) are overlaid 
on the mean stress–strain curve, with vertical markers indicat-
ing the 1σ, 2σ, and 3σ lower-bound quantiles. This illustrates 
that carbon fragmentation initiates broadly around 1.8% strain 
(with only 0.14% of specimens below 1.05%) while glass rupture 
clusters tightly near 3.6% strain (with its 3σ bound at 3.39%). In 
Figure 10b, the same probability density functions and quantile 
markers are plotted against the individual stress–strain traces, 
directly validating that the modeled distributions and their 
quantiles accurately capture the observed scatter in both the 
onset of carbon fragmentation and the ultimate glass failure.

4.5.2   |   Ductility Defined by the Energy Ratio

The strain energy was calculated by integrating the component 
and the resultant �(�) curves over the entire strain range accord-
ing to Equation (25)

The individual work curves, W�c1(�) and W�c2(�) show the con-
tribution of the two carbon bundles, while W�g1(�) and W�g2(�) 
show the contribution of the two glass bundles. It is visible in 
Figure  11 that at about the second knee-point on the stress–
strain curve (see Figure 10a, red solid line), the integral of slip-
ping component (W�c2(�)) becomes larger than that of (W�c1(�)), 

(24)�Duc = E
(

�B
)

−m ⋅ D
(

�B
)

(25)Wi(�) = ∫ �(�)d�

FIGURE 8    |    (a) empirical reliability characteristic curve, and the resultant, and (b) component reliability functions based on the first decomposition.
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indicating the higher significance of the former at this load level. 
Above ∼2.5% strain, the glass bundles dominate the energy ab-
sorption, continuing up to the ultimate failure.

Table 6 quantifies these observations by calculating (I) the total 
absorbed energy Wt (J cm−3), (II) the energy up to peak stress 
Wpeak and its ratio to the total deformation energy, Wpeak/Wt, and 

(III) the ductile energy WDuc—defined as the work absorbed be-
tween the 3σ lower-bound ductility strain (εDuc(3σ) = 1.53%) and 
the ultimate failure—and its fraction WDuc/Wt.

In terms of ideal ductility, the composite exhibits a ductility of only 
0.23%, which can be attributed to its low deformability. The pseudo-
ductility of the composite can be globally defined and characterized 

TABLE 5    |    Ductility strain limits as lower quantiles belonging to different probabilities (q).

FBC 
component p (%)

εPeak to 
stress 

peak (%)
E(εB) 
(%)

D(ε) 
(%)

εDuc(1 × SD) 
(%) 

q = 15.87%
εDuc(2 × SD) 

(%) q = 2.28%
εDuc(3 × SD) 

(%) q = 0.14%

εDuc(4 × SD) 
(%) 

q = 0.003%

FBC_1 9.71 1.50 1.80 0.25 1.55 1.30 1.05 0.80

FBC_2 6.79 2.01 2.40 0.55 1.85 1.30 0.75 0.20

FBC_3 41.75 3.48 3.63 0.08 3.55 3.47 3.39 3.31

FBC_4 41.75 3.59 3.80 0.09 3.71 3.62 3.53 3.44

Sum 100 3.49 3.44 0.64 2.80 2.17 1.53 0.90

FIGURE 10    |    Probability density functions of the component breaking strains and the lower boundaries of the scattering fields for the first and 
third components, (a) together with the mean and (b) the single stress–strain curves.
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FIGURE 9    |    Reliability characteristic curves and reliability maps (a) based on the first decomposition and (b) the reliability function and charac-
teristic curves, including those without component 2S (wS).
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by the ratio of the work calculated up to the pseudo-ductile strain 
limit εpDuc(3D) = E(εB3) − 3D(εB3) = 3.39% (Table 7, Figure 11) and 
the total work Wtotal. The result is (as WpDuc,FBC_3 = 27.07 relative to 
Wtotal = 31.55) approximately 85.8%, which represents a significant 
increase compared to the theoretical ideal ductility (0.23%).

4.5.3   |   Analysis Using the Randomized Design Criteria

Calculating the lower-tail quantiles of carbon fracture strain 
and interfacial toughness for different reliability levels pro-
vides designers with explicit, probability-based thresholds to 
ensure stable pseudo-ductile failure mechanisms. Table 7 pres-
ents the lower-tail quantiles of two critical failure parameters—
the first carbon bundle breaking strain εB1 and the interface 
mode-II fracture toughness GIIc—for a range of standard nor-
mal mq = {0; 1; 1.6449; 1.857; 2, 2.3263; 3; 4} multipliers. Each 
column corresponds to a reliability level q, where q = Φ(mq) is 
the probability that a random specimen's parameter will exceed 
the quantile. The strain below which only q% of specimens will 
initiate carbon fragmentation, ε1,q, is calculated according to 
Equation (26)

Similarly, the critical energy release rate above which q% of 
specimens possess sufficient interfacial toughness to suppress 
unstable delamination, GII,q, is given by Equation (27)

The expected fracture mechanical critical value, E(GIIc), is 
unknown. It can be assessed based on the experienced failure 
behavior of the specimen and seeking a corresponding value 
among those belonging to different probability levels. We have 
chosen 1.38 J/mm as the critical energy release rate, which cor-
responds to the same probability level (96.8%) as the geometrical 
criterion. This means that the multilayer composite structure 
tested satisfies the design criteria at this probability level.

4.6   |   Application of the Model

A design-oriented application of the proposed model can be 
achieved with minimal experimental effort by combining 
manufacturer data with a small, targeted test series (Table 8). 
Geometric parameters and nominal stiffness values (total 
thickness h, ply thicknesses t1, t2, and moduli E1, E2) are first 
obtained directly from design specifications and manufac-
turer data. A limited series of displacement-controlled uni-
axial tensile tests on the hybrid laminate is then sufficient to 
determine the mean and standard deviation of the composite 
stress–strain response, from which the mean breaking strains 
(�i) and standard deviations (�i) of the constituent bundles 
are fitted through stress–strain decomposition. A single, or 
a small number of, mode-II interfacial fracture toughness 
tests—or appropriate literature data—provides an estimate 
of E

(

GIIc

)

. The systematic scatter term (SD0), bundle count 
(N), and coefficient of variation (CV) can then be fitted to the 
observed experimental scatter using the model's closed-form 

(26)�1,q = E
(

�B1
)

−m ⋅ D
(

�B1
)

,

(27)G1,q = E
(

GIIc

)

−m ⋅ D
(

GIIc

)

FIGURE 11    |    Deformation energy curves of the FBC components 
calculated by integrating up to the stress peak points.
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TABLE 6    |    Deformation energy and ductility% values.

FBC 
component εpeak (%)

εDuc (3D) (%) 
q = 0.14%

Wtotal (J/
cm3)

Wpeak (J/
cm3) Wpeak/Wt (%)

WDuc (J/
cm3) WDuc/WtSum (%)

FBC_1 1.50 1.05 2.79 1.79 64.14 3.45 0.11

FBC_2 2.01 0.75 3.77 1.96 52.15 1.75 0.06

FBC_3 3.48 3.39 11.99 10.90 90.87 27.07 0.86

FBC_4 3.59 3.53 13.00 11.59 89.12 28.83 0.91

Sum 3.49 1.53 31.55 26.24 83.17 7.25 0.23

TABLE 7    |    Strength parameters characterizing the interlayer hybrid composite laminate according to the randomized design criteria at different 
probability levels.

mq (−) 0 1 1.6449 1.857 2 2.3263 3 4 Expected critical value

q (−) 0.5000 0.8413 0.9500 0.96834 0.9772 0.9900 0.9987 0.99997

ε1,q (%) 0.0288 0.0328 0.0354 0.03629 0.0369 0.0382 0.0409 0.04494 E(εB3) = 0.0363

GII,q (N/mm) 1.1034 1.2459 1.3377 1.36795 1.3883 1.4348 1.5308 1.67325 E(GIIc) = 1.38
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expressions for expected stress and strain variance. Once cal-
ibrated, the FBC framework enables the probabilistic evalua-
tion of key design metrics, including the lower-tail quantiles 
for first-bundle fracture strain and the required interfacial 
toughness at a specified reliability level. The model facilitates 
rapid parametric exploration of lay-up parameters (e.g., stiff-
ness ratio, ply fraction, and thickness), enabling engineers 
to identify pseudo-ductile, monotonic configurations that 
meet target confidence levels without requiring extensive 
experimentation.

5   |   Conclusions

Polymer matrix composites offer outstanding specific stiffness 
and strength but suffer abrupt, brittle failure that limits their 
use in safety-critical structures. This paper introduces a FBC 
model that quantitatively predicts the pseudo-ductile tensile 
response of thin-ply interlayer carbon/glass hybrid composites 
with high fidelity and computational efficiency. The stress–
strain curves of the composite were reconstructed by parallel 
coupling four linear elastic fiber bundles, each calibrated to ply-
level stiffness and a measured Gaussian failure process. Stress 
fraction and reliability component maps were constructed 
based on the FBC model, which quantitatively illustrated how 
load-sharing and failure probabilities shift among carbon and 

glass fiber bundles as a function of strain and ply configura-
tion, thereby providing a strain-resolved design tool for tuning 
the pseudo-ductile response of the hybrid laminate. By treating 
bundle failure strains and interface toughness as standard nor-
mal random variables, the model computed lower-tail quantiles 
for guaranteed ductility at specified confidence levels, directly 
informing design criteria for a reliability of 96.8% or higher. 
Decomposition of deformation work revealed that while carbon 
bundles absorbed minimal energy, the glass layers accounted 
for 90% of the total and 23% of the work in the pseudo-ductile 
plateau, demonstrating that stable pull-out drove the damage 
tolerance of the composite. Extending the stochastic behavior 
through the FBC model, a mean stress–strain behavior and 
scatter were predicted to closely match experimental variabil-
ity, and reliability-anchored ductility quantiles were derived for 
specified confidence levels. The presented fiber bundle-based 
modeling of pseudo-ductile composites provides a clear, modu-
lar, and physically intuitive framework for simulating complex, 
progressive failure, while being computationally efficient and 
accurate for engineering design.

Author Contributions

László M. Vas: formal analysis, writing – review and editing. Roland 
Petrény: writing – original draft, visualization, data curation, 
validation.

TABLE 8    |    Summarized model parameters and their determination methods.

Parameter name Symbol Value Origin

Total specimen thickness h (mm) 0.372 Design decision

Carbon layer thickness t1 (mm) 0.0614 Design decision

Glass layer thickness (each) t2 (mm) 0.1553 Derived from h and t1

Carbon fraction φ (−) 0.165 Derived

Carbon bundle stiffness E1 (MPa) 150.3 Manufacturer/literature

Glass bundle stiffness E2 (MPa) 45 Manufacturer/literature

Stiffness ratio E1/E2 (−) 3.34 Derived

Carbon bundle one mean breaking strain μ1 (%) 1.82 Fitted from stress–strain decomposition

Carbon bundle two mean breaking strain μ2 (%) 2.4 Fitted from stress–strain decomposition

Glass bundle mean breaking strain μ3 (%) 3.6 Measured (from tensile tests)

Carbon bundle one SD σ1 (%) 0.19 Fitted

Carbon bundle two SD σ2 (%) 0.19 Fitted

Glass bundle SD σ3 (%) 0.35 Fitted

Bundle count N (−) 200 Fitted

Within-bundle coefficient of variation CV (−) 0.15 Fitted

Systematic scatter term SD0 (−) 8 Fitted

Expected interfacial fracture toughness E(GIIc) (N/mm) 1.38 Assessed for reliability target

Reliability level P (−) 96.83 Chosen design confidence

RMSE of model fit RMSE (%) 3.056 Fitted performance metric

Coefficient of determination R2 (−) 0.9894 Fitted performance metric
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